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Abstract:
An  Ascending Domination Decomposition (ADD) of agraph G isa collection y = {G,,G,,.....,G,} of subgraphs
of G suchthat,each G, isconnected, every edge of G isinexactly one G, and domination number of each G, is i,1<i<n

. In this paper, we present some families of graphs especially splitting graphs that admit ADD.
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1. Introduction:

By agraph G(V,E),we mean anon-trivial, finite, simple, undirected and connected graph. The order of a graph is denoted

by N . For basic definitions and notations, we refer [4]. A full vertex V isa vertex which is adjacent to every other vertices in G

. That is, if V is a full vertex, then d(v) = n-1. The corona G, o G, of two graphs G, and G, is defined as the graph

obtained by taking one copy of G, which has P, verticesand P, copies of 62 and then joining the i"™ vertex of G, toall

the vertices in the i copy of G, . The graph G o K, isdenoted by G . The cartesian product of two graphs G and H is
denotedby G x H.

Let H,, be the highly irregular bipartite graph with vertex set {v,v,,....,v,

Uy, U,,....,u,} and the edge set

n !

{Viuj / 1<i<n, n—i+1< j<n}. Forexample, the graph Hy ¢ isshown in Figure 1.
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Figure 1
The Bistar graph Bn’n is the graph obtained by joining the center vertices of 2 copies of the star Kl,n by means of an edge.

For example, the graph B4'4 is shown in Figure 2.
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Let |, denote the graph with vertex set {V;,V,,....,V,} and edge set {v,., . Vil 1<i< In2], i<j<n-i} [3].

For example, the graph | is shown in Figure 3.
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Figure 3
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The graph K,  x P, is called the m—book graph and is denoted by B,,. For example, the graph B, is shown in Figure 4.

Figure 4
The Jelly fish graph J(m, n) is obtained from a 4-cycle XuyvX by joining X and Yy withan edge and appending m
pendant verticesto U and N pendant verticesto V.
For example, the jelly fish graph J(4,6) is shown in Figure 5.

Y
Figure 5
The concept of splitting graph S(G) was introduced by Sampath Kumar and Walikar [8]. The graph S(G) obtained from
G, by adding a new vertex W for every vertex V e V and joining W to all vertices adjacent to V in G, is called the
splitting graph of G .
For example, a graph G and its splitting graph S(G) are shown in Figure 6.

Uy U3

Figure 6
For further results on splitting graphs one can refer [1,2,8].

The mathematical study of domination theory in graphs started around 1960. In a graph, a dominating set isasubset S
of the vertices such that every vertex is either in S or adjacent to a vertex in S . The domination number y (G), is the minimum

cardinality among all dominating sets of G . The concept of domination number was introduced by C.Berge in 1958. The notation
7 (G) was first used by E.J.Cockayne and S.T.Hedetniemi [5] for the domination number of a graph which subsequently became
the accepted notation.

The origin of the study of graph decomposition emerged in 19" century. Graph decomposition problems rank among the
most prominent areas of research in graph theory and combinatorics. It has numerous applications in various fields such as
networking, block designs, bio informatics, coding theory and other fields. For further results on decomposition one can refer [6].

A decomposition of agraph G isacollection y of edge disjoint subgraphs G.,G,,....,G, of G such that every edge
of G is in exactly one G;. An Ascending Domination Decomposition (ADD) of a graph G is a collection y =
41
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{G,,G,.....,G,} of subgraphsof G such that
i) Each G; is connected
ii) Every edge of G is in exactly one G;
i) (G;) = i,foreach i, 1<i<n.
For example, a graph G with ADD is shown in Figure 7.
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In [7], it has been proved that K , W, , K, , K . B, C and the corona graphs P, C; and K/ admit
ADD. In this paper, we prove that H n.n» Distar, book graph, jelly fish graph and Petersen graph admit ADD. We also prove that
the splitting graphof H_ . B, K ., I, K, book graph and Petersen graph admit ADD.

2. Main Results:

We first prove that the graph H _  admits ADD.

n,n

Theorem 2.1: Forevery N>3, H n, admits ADD.

n

Proof: Let X = U UV be the bipartition of H — with |U|=n=|V|. Let U = {u,U,,...,u} and V =
{Vi,V,,.e., Vo } . Let G, be anedge induced subgraph induced by the edge set E ={v,u; /1< i< n}.Then, G, = K, | and
7(G)=1. Aso G, =H,  —{u,v,}=H_ ., Clarly y(G,) =2 with a y—set {u,,v,,}. Hence y =

{G,,G,} isan ADD for H o n . Forexample, the graph Hy ; with ADD graphs G, and G, are shown in Figure 8

i Ua us T4 g,

Here the edges of the graph G, are drawn with dotted lines.
Figure 8
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Theorem 2.2: For every N> 2, the splitting graph of H admits ADD.

n.n
Proof: Let G = S(H,,) be the splitting graph of H_ . Let X = U U V be the bipartition of S(H, ) with
|U|=2n=|V | ,suchthat U= {U,Uy,.....;U,,U;,Us,..., U} and V = {V},Vy 0000,V Vg, Voo, Vi b With UL, v, are the
corresponding newly added vertices for U, andV;, 1<i<n respectively. Let G1 be the edge induced subgraph induced by the
edges incident with U,. Then, G, =K, and y(G,) =1.Also G, = S(H, ,)—u,.Clearly y(G,) =2witha y—set
{u,,v,}. Hence y={G,,G,} isan ADD for S(H ).

For example, the graph S(H; ;) with ADD graphs G, and G, are given in Figure 9.

S(Hzz)
Here the edges of the graph G, are drawn with dotted lines.

Figure 9
admits ADD, where N> 2.

Theorem 2.3:  The bistar graph B,

n
Proof: Let V(B, ,) = {U,V;U;,Uy,...,U sV, Vs,V } and E(B, ) = {uv,uu;, vy, / 1<i<n} be the vertex set
and edge set of B, . Let G, be the edge induced subgraph induced by the edge set {uu, / 1<i<n-1}. Then,
G =K, ,and y(G)=1.As0 G,= B,, — {u,U,,...u,}. Clearly y(G,) =2 with a y—set {u,v}.
Hence = {G,,G,} isan ADD for B .

As an illustration, the graph BSV5 with ADD graphs Gl and G2 are shown in Figure 10

Bs =

Here the edges of the graph G, are drawn with dotted lines.
Figure 10

Theorem 2.4: The splitting graph of B admits ADD, where n>1.

n,n
Proof: Let G = S(B,,) be the splitting graph of B, . Let V(B, ) = {u,v,u,v; / 1<i<n } . Now
IV(G)|=4n+4. Let E(B, ) = {uv,uu,vv, / 1<i<n }.Let U/, Vi , 1<i<n be the newly added vertices
correspondingto U, and V, respectivelyin S(G). Let Gl be the edge induced subgraph induced by the edges incident with u
.Then, G, =K, ., and y(G;) =1 Also G, = S(Bn’n)—u'. Clearly y(G,) =2witha y—set {u,v}. Hence w
= {G,,G,} isanADD for S(B, ).

As an illustration, the graph S(B, ,) with ADD graphs G, and G, are given in Figure 11.
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S(B22)

Here the edges of the graph G, are drawn with dotted lines.
Figure 11
Theorem 2.5: Forevery N 23' the splitting graph of K, admits ADD.

Proof: Let G = S(K,) be the splitting graph of K .Let V(K,)={X,X,,...,X,}. Now |V (G)|=2n.Let E(K,) =
{xx; /1= ], 1<i,j<n} Let X/, 1<i<n be the newly added vertices correspondingto X; in S(K,). Let G, be the
edge induced subgraph induced by the edges incident with X, . Then, G, =K, ,, ; and 7(G)) =1 Also G, =

S(K,)—X,. Clearly y(G,) =2 with a y—set {x,x} forany i, 2<i<n.Hence v = {G,,G,} is an ADD for
S(K,)-

For example, the graph S(K,) with ADD graphs G, and G, are illustrated in Figure 12.

S(Ky)
Here the edges of the graph G, are drawn with dotted lines.

Figure 12
Theorem 2.6: Forevery m,n>2, the splitting graph of K

m.n admits ADD.
Proof: Let G = S(K_ ) be the splitting graph of K. LetV(G)=X U Y be the bipartition of G, with | X |=2m
and |Y | =2n, such that X ={X,, Xy yeeeees Xy X0 Kooy X 3 a0 Y = LYy, Voreoons Vs Yoo Youeens Yo k- Let X, Y7, 1<i <
be the newly added vertices corresponding to X; and Y, respectively in S(Km’n). Let Gl be the edge induced subgraph
induced by the edges incident with X, . Then, G, = K, ,. and y(G,) =1.Also G, = S(K ) —X,.Clearly y(G,) =2
witha y—set {x,y;} forany i,j, 2<i<m,1< j<n.Hence v = {G,,G,} isan ADD for S(K ).

Asan illustration, the graph S(K,,) with ADD graphs G, and G, aregivenin Figure 13.
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Here the edges of the graph G, are drawn with dotted lines.

Figure 13
Corollary 2.7: Forevery N>2, the splitting graph of a star, thatis S(K, ,) admits ADD.

The ADD of the graph S(K ,) is shown in Figure 14.

S(K14)
Here the edges of the graph G, are drawn with dotted lines.
Figure 14
Theorem 2.8: Forevery N >3, the splitting graph of I, admits ADD.
Proof: Let G = S(I,) be the splitting graph of I . Let V(I) = {V,V,,....v,} and E(l)) = {v,, v, /

1<i<lni2]) i<j<n-i}. Let v/, 1<i<n be the newly added vertices corresponding to v, in S(I.) . Now
|[V(G)|=2n.Let G, be the edge induced subgraph induced by the edge set {V,v; , 1<i<n-1}.Then, G, = K, _, and
7(G,) =1. Also G, = S(I,) —E(G,). Clearly y(G,) =2 with a y—set {v_,v,}. Hence v = {G,,G,} is an
ADD for S(I,).

As an illustration, the graph S(Is) with ADD graphs G1 and G2 are shown in Figure 15.

S(Is)
Here the edges of the graph G, are drawn with dotted lines.
Figure 15
Theorem 2.9: Forevery N >2, thebookgraph B, admits ADD.

Proof: Let G = B, be the n-Book graph. Let V(G) ={u,v,u,,v; / 1<i<n } and |[V(G)|=2n+2.Let E(G) =

{uv,uu;,vv,,uy;, / 1<i<n}. Let G, be the edge induced subgraph induced by the edges incident with U, . Then,

45



ISSN: 2456 - 3080
International Journal of Applied and Advanced Scientific Research

Impact Factor 5.255, Special Issue, February - 2017
International Conference on Advances in Theoretical and Applied Mathematics - ICATAM 2017
On 14th February 2017 Organized By
Madurai Sivakasi Nadars Pioneer Meenakshi Women’s College, Poovanthi, Tamilnadu

G, =K, and 7(G;) =1. Also G, = G—u,. Clearly y(G,) =2 witha y—set {u,v}. Hence y = {G,,G,} is
an ADD forG

For example, the book graph B, with ADD graphs G, and G, are given in Figure 16.

B4

Here the edges of the graph G, are drawn with dotted lines.
Figure 16
Theorem 2.10: Forevery N > 1, the splittting of book graph B, admits ADD.

Proof: Let G = S(B,) be the splitting of Nn-Book graph. Let V(B,) ={u,v,u;,v,} and E(G) = {uv,uu,,vv,uv, /

1<i<n}.Let u/, v/, 1<i<n be the newly added vertices corresponding to U, and V, respectively in S(B,). Let G,
be the edge induced subgraph induced by the edges incident with U . Then, G, = K, ., and »(G,;) =1.Also G, = G-U
.Clearly y(G,) =2witha y—set {u,v}. Hence v = {G,,G,} isan ADD for G.

As an illustration, the book graph S(B3) with ADD graphs G1 and G2 are shown in Figure 17.

'5‘( B:})

Here the edges of the graph G, are drawn with dotted lines.
Figure 17

Theorem 2.11: Forevery m,n > 0, the Jelly fish graph J

m.n admits ADD.
Proof: Let G = J  where J

m,n

. is the Jelly fish graph. Let V(G) = {X,y,u,v,u,,U,,...,u.,V;,V,,...,V,} and
n=0, then J , =

=~ K, \ e.Take G, = xy. Therefore
2witha y—set {u,v}. when m,n > 0, then G, be the edge
induced subgraph induced by the pendant edges incident with u. Then, G, = K, = and (G,)=1.Also G, = G — E(G))
.Clearly 7(G,) =2 witha y—set {u,v}.Hence v = {G,,G,} isan ADD for G.

For example, the graph J, , with ADD graphs G, and G, are illustrated in Figure 18.

E(G) ={xy,xu,xv,uu,, vV, / 1<i<n}.When m

7(Gy)=1.Clearly G, = J,, — xy and 7 (G,)
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Here the edges of the graph G, are drawn with dotted lines.

Figure 18
One can easily note that the Petersen graph admits ADD which is shown in Figure 19.

Here the edges of the graph G, are drawn with dotted lines and that of G, are drawn with dashed lines.
Figure 19
Also, the splitting of the Petersen graph admits ADD which is proved in next theorem.
Theorem 2.12: S(G) admits ADD, where S(G) is the splitting graph of the Petersen graph.

Proof: Let G be a Petersen graph and S(G) be its splitting graph. let V (S(G)) = {Vy,Vy,.-sVig, Vy, Vp,eesy Vi SUCh that
vi' is the corresponding newly added vertex for V;. Let G1 be the edge induced subgraph induced by the edges incident with V.
Then, G, = K1,6 and ]/(Gl) = 1. Let G, be the edge induced subgraph induced by the edges incident with V, and V,
except the edge V,V;. Then, G, =B, ; and 7(G,) = 2. Let G, be the edge induced subgraph induced by the edges
incident with 'V, , V, and V, except the edges V,V5,V.V;, VeV, . Therefore ¥ (G;)=3 . Clearly,
G, =S(G) - E(G,,G,,G;). Then, 7(G,) =4 witha y—set {v,,Vg,Vy,V;o}. Hence v = {G,,G,,G;,G,} isan
ADD for S(G).

As an illustration, the splitting of the Petersen graph with ADD graphs G,, G,, G, and G, are given in Figure 20.
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Here the edges of the graph G; . G, and G; are drawn with dotted lines, slim lines and bold lines respectively

Figure 20
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