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Abstract: 

          An  Ascending Domination Decomposition (ADD) of  a graph G  is a collection   = },.....,,{ 21 nGGG  of subgraphs 

of G  such that, each 
iG  is connected, every edge of G  is in exactly one 

iG  and domination number of each 
iG  is i , ni 1

. In this paper, we present some families of graphs especially splitting graphs that admit ADD. 
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1. Introduction: 

       By a graph ),( EVG , we mean a non-trivial, finite, simple, undirected and connected graph. The order of a graph is denoted 

by n . For basic definitions and notations, we refer [4] . A  full vertex v  is a vertex which is adjacent to every other vertices in G

. That is, if v  is a full vertex, then )(vd  = 1n . The corona 
1G    

2G  of two graphs 
1G  and 

2G  is defined as the graph 

obtained by taking one copy of 1G  which has 1p  vertices and 1p  copies of 2G  and then joining the 
thi  vertex of 1G  to all 

the vertices in the 
thi  copy of 2G . The graph G    1K  is denoted by 

G . The cartesian product of two graphs G  and H  is 

denoted by G    H . 

    Let 
nnH ,

 be the bipartiteirregularhighly  graph with vertex set 
nvvv ,....,,{ 21

 ; },....,, 21 nuuu  and the edge set 

jiuv{  / }1,1 njinni  . For example, the graph 55,H  is shown in Figure 1. 

 
Figure 1 

       The Bistar graph nnB ,  is the graph obtained by joining the center vertices of 2 copies of the star nK1,  by means of an edge. 

For example, the graph 44,B  is shown in Figure 2.  

 
Figure 2 

       Let nI   denote the graph with vertex set },....,,{ 21 nvvv  and edge set jin vv 1{ /  /21 ni , }inji   [3] .  

For example, the graph 6I  is shown in Figure 3.  

 
Figure 3 
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The graph 21, PK m   is called the bookm  graph and is denoted by mB .  For example, the graph 3B  is shown in Figure 4. 

 
Figure 4 

       The Jelly fish  graph ),( nmJ  is obtained from a 4-cycle xuyvx  by joining x  and y  with an edge and appending m  

pendant vertices to u  and n  pendant vertices to v .  

       For example, the jelly fish graph (4,6)J  is shown in Figure 5.  

 
Figure 5 

       The concept of splitting graph )(GS  was introduced by Sampath Kumar and Walikar [8]. The graph )(GS  obtained from 

G , by adding a new vertex w  for every vertex v    V  and joining w  to all vertices adjacent to v  in G , is called the 

splitting graph of G .  

       For example, a graph G  and its splitting graph )(GS  are shown in Figure 6. 

 
Figure 6 

       For further results on splitting graphs one can refer 8]2,[1, . 

       The mathematical study of domination theory in graphs started around 1960. In a graph, a setdominating  is a subset S  

of the vertices such that every vertex is either in S  or adjacent to a vertex in S . The domination number )(G , is the minimum 

cardinality among all dominating sets of G . The concept of domination number was introduced by C.Berge in 1958. The notation 

)(G  was first used by E.J.Cockayne and S.T.Hedetniemi [5]  for the domination number of a graph which subsequently became 

the accepted notation.  

        The origin of the study of graph decomposition emerged in 
th19  century. Graph decomposition problems rank among the 

most prominent areas of research in graph theory and combinatorics. It has numerous applications in various fields such as 

networking, block designs, bio informatics, coding theory and other fields. For further results on decomposition one can refer [6] . 

        A decomposition of a graph G  is a collection   of edge disjoint subgraphs nGGG ,....,, 21  of G  such that every edge 

of G  is in exactly one iG . An ionDecompositDominationAscending  (ADD) of a graph G  is a collection   = 
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},....,,{ 21 nGGG  of subgraphs of G  such that  

i) Each iG  is connected  

ii) Every edge of G  is in exactly one iG  

iii) )( iG  = i , for each i , ni 1 . 

       For example, a graph G  with ADD is shown in Figure 7.  

 
Figure 7 

        In [7], it has been proved that nK , nW , nK ,1 , nmK , , nP , nC  and the corona graphs 


pP , 


pC  and 


pK ,1  admit 

ADD.  In this paper, we prove that nnH , , bistar, book graph, jelly fish graph and Petersen graph admit ADD. We also prove that 

the splitting graph of nnH , , nnB , , nmK , , nI , nK , book graph and Petersen graph admit ADD.  

2. Main Results: 

          We first prove that the graph nnH ,  admits ADD.  

Theorem 2.1:  For every 3n , nnH ,  admits ADD.  

Proof:  Let X  = U  V  be the bipartition of nnH ,  with .||==|| VnU  Let U  = },.....,,{ 21 nuuu  and V  = 

},.....,,{ 21 nvvv . Let 1G  be an edge induced  subgraph  induced  by the edge set E = inuv{ / .}1 ni  Then, nKG ,11   and

.1=)( 1G  Also 1,11,2 },{=  nnnnn HvuHG . Clearly )( 2G  = 2 with a set  },{ 1nn vu . Hence   = 

},{ 21 GG  is an ADD for ., nnH
 
For example, the graph 5,5H  with ADD graphs 1G  and 2G  are shown in Figure 8 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 8 
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Theorem 2.2:  For every 2n , the splitting graph of nnH ,  admits ADD.  

Proof:  Let G    )( , nnHS  be the splitting graph of nnH , . Let  X =  U   V be the bipartition of )( , nnHS  with 

||=2=|| VnU  , such that U = },...,,,,.....,,{ ''

2

'

121 nn uuuuuu  and V = },...,,,,.....,,{ ''

2

'

121 nn vvvvvv  with 
'

iu , 
'

iv  are the 

corresponding  newly added vertices for iu and iv , ni 1  respectively. Let 1G  be the edge induced subgraph induced by the 

edges incident with 1u . Then, 2,11 KG   and 1=)( 1G . Also 2G  = 1, )( uHS nn  . Clearly )( 2G  = 2 with a set

.},{ nn vu
 
Hence  = },{ 21 GG  is an ADD for .)( , nnHS                              

For example, the graph )( 3,3HS  with ADD graphs 1G  and 2G  are given in Figure 9. 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  
Figure 9 

Theorem 2.3:  The bistar graph nnB ,  admits ADD, where 2n .  

Proof:  Let )( , nnBV  = },....,,;,...,,;,{ 2121 nn vvvuuuvu  and )( , nnBE  = ii vvuuuv ,,{  / }1 ni   be the vertex set 

and edge set of nnB , . Let 1G  be the edge induced subgraph induced by the edge set iuu{  / 1}1  ni . Then, 

1,11  nKG  and .1=)( 1G Also  2G = nnB ,    .},....,,{ 121 nuuu  Clearly )( 2G  = 2 with a set  },{ vu . 

Hence   = },{ 21 GG  is an ADD for ., nnB                                                                                           

      As an illustration, the graph 5,5B  with ADD graphs 1G  and 2G  are shown in Figure 10 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 10 

Theorem 2.4: The splitting graph of nnB ,  admits ADD, where 1n .  

Proof: Let G    )( , nnBS  be the splitting graph of nnB , . Let )( , nnBV  = ii vuvu ,,,{  / ni 1 } . Now 

44=|)(| nGV . Let )( , nnBE  = ii vvuuuv ,,{  / ni 1  } . Let iu , iv  , ni 1  be the newly added vertices 

corresponding to iu  and iv  respectively in )(GS . Let 1G  be the edge induced subgraph induced by the edges incident with 
'u

. Then, 1,11  nKG  and 1=)( 1G . Also 2G  = 
'

, )( uBS nn  . Clearly )( 2G  = 2 with a set  },{ vu . Hence   

= },{ 21 GG  is an ADD for .)( , nnBS                                                               

      As an illustration, the graph )( 2,2BS  with ADD graphs 1G  and 2G  are given in Figure 11. 
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Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 11 

Theorem 2.5:  For every n 3 ,  the splitting graph of nK  admits ADD.  

Proof:  Let G    )( nKS  be the splitting graph of nK . Let },...,,{=)( 21 nn xxxKV . Now nGV 2|=)(| . Let )( nKE  = 

ji xx{  / ji  , },1 nji  . Let ix , ni 1  be the newly added vertices corresponding to ix  in )( nKS . Let 1G  be the 

edge induced subgraph induced by the edges incident with 1x . Then, 1)(2,11  nKG  and )( 1G  = 1. Also 2G  = 

1)( xKS n  . Clearly )( 2G  = 2 with a set  },{ '

ii xx  for any i , ni 2 . Hence   = },{ 21 GG  is an ADD for 

.)( nKS                                                                                        ■ 

      For example, the graph )( 4KS  with ADD graphs 1G  and 2G  are illustrated in Figure 12. 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 12 

Theorem 2.6:  For every  2, nm ,  the splitting graph of nmK ,  admits ADD.  

Proof:  Let G    )( , nmKS  be the splitting graph of nmK , . Let V(G) = X   Y be the bipartition of G, with mX 2=||  

and || Y  = 2n, such that X = },...,,,,.....,,{ ''

2

'

121 mm xxxxxx  and Y = },...,,,,.....,,{ ''

2

'

121 nn yyyyyy . Let ix , iy , ni 1  

be the newly added vertices corresponding to ix  and iy  respectively in )( , nmKS . Let 1G  be the edge induced subgraph 

induced by the edges incident with 1x . Then, nKG 2,11   and 1=)( 1G . Also 2G  = 1, )( xKS nm  . Clearly )( 2G  = 2 

with a set  },{ ji yx  for any ji, , njmi  1,2 . Hence   = },{ 21 GG  is an ADD for .)( , nmKS                                                                                       

       As an illustration,  the  graph  )( 3,2KS   with  ADD  graphs  1G   and 2G
 
 are given in  Figure 13. 
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Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 13 

Corollary 2.7:  For every  2n ,  the splitting graph of a star, that is )( ,1 nKS  admits ADD.  

       The ADD of the graph )( 4,1KS  is shown in Figure 14. 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 14 

Theorem 2.8:   For every  n  3 ,  the splitting graph of nI  admits ADD.  

Proof:  Let G    )( nIS  be the splitting graph of nI . Let )( nIV  = },...,,{ 21 nvvv  and )( nIE  = jin vv 1{  / 

},/21 injini  . Let iv , ni 1  be the newly added vertices corresponding to iv  in )( nIS . Now 

nGV 2=|)(| . Let 1G  be the edge induced subgraph induced by the edge set invv{  , 1}1  ni . Then, 1,11  nKG  and 

)( 1G  = 1 . Also 2G  = )()( 1GEIS n  . Clearly )( 2G  = 2 with a set  },{ '

nn vv . Hence   = },{ 21 GG  is an 

ADD for .)( nIS                                                                                 

       As an illustration, the graph )( 5IS  with ADD graphs 1G  and 2G  are shown in Figure 15. 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 15 

Theorem 2.9:  For every  n  2 ,  the book graph nB  admits ADD.  

Proof:  Let G    nB  be the n-Book graph. Let ii vuvuGV ,,,{=)(  / ni 1  }  and 22=|)(| nGV . Let )(GE  = 

iiii vuvvuuuv ,,,{  / }1 ni  . Let 1G  be the edge induced subgraph induced by the edges incident with nu . Then, 
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2,11 KG   and )( 1G  = 1. Also 2G  = nuG  . Clearly )( 2G  = 2 with a set  },{ vu . Hence   = },{ 21 GG  is 

an ADD  for G 

       For example, the book graph 4B  with ADD graphs 1G  and 2G  are given in Figure 16.   

 
                                              B4 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines
 

Figure 16 

Theorem 2.10:  For every  n    1,  the splittting of  book graph nB  admits ADD.  

Proof:  Let G    )( nBS  be the splitting of n -Book graph. Let },,,{=)( iin vuvuBV  and )(GE  = iiii vuvvuuuv ,,,{  / 

ni 1 } . Let iu , iv , ni 1  be the newly added vertices corresponding to iu  and iv  respectively in )( nBS . Let 1G  

be the edge induced subgraph induced by the edges incident with 
'u . Then, 1,11  nKG  and 1=)( 1G . Also 2G  = 

'uG 

. Clearly )( 2G  = 2 with a set  },{ vu . Hence   = },{ 21 GG  is an ADD for G.                            

       As an illustration, the book graph )( 3BS  with ADD graphs 1G  and 2G  are shown in Figure 17. 

 

Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 17 

Theorem 2.11: For every  nm,    0,  the Jelly fish graph nmJ ,  admits ADD.  

Proof: Let G  nmJ , where nmJ , is the Jelly fish graph. Let V(G) = },...,,,,...,,,,,,{ 2121 nm vvvuuuvuyx  and 

ii vvuuxvxuxyGE ,,,,{=)(  / }1 ni  .When 0== nm , then nmJ ,    4K  \  e . Take 1G  = xy . Therefore 

1=)( 1G . Clearly 2G  = 0,0J    xy  and )( 2G  = 2 with a set  },{ vu . When nm,  >  0 , then 1G  be the edge 

induced subgraph induced by the pendant edges incident with u. Then, mKG ,11   and 1=)( 1G . Also 2G  = G    )( 1GE

. Clearly )( 2G  = 2  with a set  },{ vu . Hence   = },{ 21 GG  is an ADD for G.    

       For example, the graph 4,4J  with ADD graphs 1G  and 2G  are illustrated in Figure 18. 
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Here  the  edges  of  the  graph  1G  are  drawn  with  dotted  .lines  

Figure 18 

       One can easily note that the Petersen graph admits ADD which is shown in Figure 19. 

 
Here the edges of the graph G1 are drawn with dotted lines and that of G2 are drawn with dashed lines. 

Figure 19 
Also, the splitting of the Petersen graph admits ADD which is proved in next theorem. 

Theorem 2.12:  S(G) admits ADD, where S(G) is the splitting graph of the Petersen graph.  

Proof:  Let G  be a Petersen graph and )(GS  be its splitting graph. let ))(( GSV  = },...,,,,...,,{ '

10

'

2

'

11021 vvvvvv  such that 

'

iv  is the corresponding newly added vertex for iv . Let 1G  be the edge induced subgraph induced by the edges incident with 1v . 

Then, 6,11 KG   and )( 1G  = 1 . Let 2G  be the edge induced subgraph induced by the edges incident with 2v  and 3v  

except the edge 12vv . Then, 5,42 BG   and )( 2G  = 2 . Let 3G  be the edge induced subgraph induced by the edges 

incident with 4v , 5v  and 6v  except the edges 161534 ,, vvvvvv . Therefore 3=)( 3G . Clearly, 

),,()(= 3214 GGGEGSG  . Then, )( 4G  = 4 with a set  .},,,{ 10987 vvvv  Hence   = },,,{ 4321 GGGG  is an 

ADD for .)(GS                           

As an illustration, the splitting of the Petersen graph with ADD graphs 1G , 2G , 3G  and 4G  are given in Figure 20. 
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Here the edges of the graph G1 ,  G2 and G3 are drawn with dotted lines, slim lines and bold lines respectively 

Figure 20 
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