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Abstract: 

 Let G  be a graph and let v  be any vertex of G . The open neighbourhood of a vertex v  V is defined as )(vN  = 

}/{ EuvVu  , that is, the set of vertices adjacent to v . Then the neighbourhood contracted graph vG  of  G, with respect to 

the vertex v  is the graph with the vertex set )(vNV  , where two vertices wu,  are adjacent in vG  if either vw =  and u  

is adjacent to any vertex of )(vN  in G  or ][, vNwu   and wu,  are adjacent in G . In this paper, we prove some results on 

neighbourhood contraction of some special families of graphs. Also we construct n  non isomorphic graphs with isomorphic 

neighbourhood contracted graph. 
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1. Introduction: 

 
The graphs considered in this paper are finite, undirected and connected. Unless or otherwise stated, we consider only 

simple graphs. For notations and basic definitions, we refer [2]. Let ),( EVG  be a graph. Order of G  is denoted by )(Gn . A 

full vertex v  is a vertex which is adjacent to every other vertices in G . That is, v  is a full vertex, if 1)(=)( Gnvd . Distance 

between any two vertices u  and v  in a graph G  is the length of a shortest path between them. It is denoted by ),( vud . The 

neighbourhood of a vertex v    V is defined as }/{=)( EuvVuvN  , that is, the set of vertices adjacent to v  is called the 

neighbourhood of a vertex v . Or, more precisely, 1}=),(/{=)( vxdVxvN   in G . In general, )(vNk  is defined as 

1,2,3...=,}=),(/)({=)( kkvudGVuvNk  . For a subset 1V  of V , the induced subgraph induced by 1V  is denoted 

by ][ 1VG . A clique C  is a subset of vertices such that ][CG  is complete. The clique number )(G  of a graph G  is the 

number of vertices in a maximum clique in G . The corona 1G    2G  of two graphs 1G  and 2G  is defined as the graph 

obtained by taking one copy of 1G  which has 1p  vertices and 1p  copies of 2G  and then joining the 
thi  vertex of 1G  to all 

the vertices in the 
thi  copy of 2G . The concept of neighbourhood contraction was introduced by S.S. Kamath and Prameela 

Kolake[3]. The Neighbourhood contracted graph vG  of G, with respect to the vertex v is the graph with the vertex set )(vNV 

, where two vertices )(, vNVwu   are adjacent in vG  such that one of the following conditions holds: 

1. w  = v  and u  is adjacent to any vertex of )(vN  in G . 

2. 
][, vNwu 

 and 
wu,

 are adjacent in G .  

  For example, the graph 
1

vG  of G  is shown in Figure 1. 

 
Figure 1 

 The concept of splitting graph was introduced by Sampath Kumar and Walikar[4]. The graph )(GS  obtained from G  

by adding a new vertex w  for every vertex Vv  and joining w  to all vertices adjacent to v  in G  is called the splitting 

graph of G .  For example, a graph G  and its splitting graph )(GS  are shown in Figure 2.  
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Figure 2 

         When we contract a vertex v  in a splitting graph )(GS , the resultant graph is denoted by vGS )]([ . Note that )( vGS  

denotes the splitting graph of the contracted graph vG  of G . For example, the graph 
1

vG , )(
1

vGS  and 
1

)]([ vGS  for the graph 

in Figure 2 are shown in Figure 3.   

 
Figure 3 

The concept of cosplitting graph )(GCS  was introduced by Selvam Avadayappan and M. Bhuvaneshwari[1]. The 

cosplitting graph )(GCS  obtained from G , by adding a new vertex w  for each vertex Vv  and joining w  to those 

vertices of G  which are not adjacent to v  in G . For example, a graph G  and its cosplitting graph )(GCS  are shown in 

Figure 4.   

 
Figure 4 

In a similar way, vGCS )]([  denotes the neighbourhood contracted graph with respect to v  in a cosplitting graph )(GCS . Note 

that vGCS( ) denotes the cosplitting graph of the contracted graph vG  of G. For example, the graph 
1

vG ,
1

( vGCS ) and 

1
)]([ vGCS  for the Figure 4 are shown in Figure 5.   
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Figure 5 

In this paper, we discuss about the relation between neighbourhood contraction in )(GS  and )(GCS  with the splitting 

and cosplitting graphs of the contracted graphs respectively. Also, we construct n  non isomorphic graphs with isomorphic 

neighbourhood contracted graphs. 

2.  Main Results: 

Proposition 2.1:  For any connected graph G,  𝑆 𝐺  
1v ≇ [𝑆 𝐺 ] '

1v
.  

Proof: Let G  be a graph and )(GS  be its splitting graph. Let )(GV  = },...,,{ 21 nvvv  and ))(( GSV  = 

},...,,,,...,,{ ''

2

'

121 nn vvvvvv  be the vertex set of G  and )(GS  respectively. Let 
'

iv be the corresponding newly added vertex to 

iv
 
for all ni 1  in )(GS . )( '

1vN  = ),(/{ 1 ii vvdv  = 1} . But )( 1vN  = iv{ ,
'

iv  ),(/ 1 ivvd  = 1 } . Then, )( 1vN  = 

'

1

''

1 ,(/{)( ii vvdvvN  )= 1 } . Therefore, 𝑁(𝑣
'

1 ) ⊊ 𝑁(𝑣 1 ) . Hence, '
1

)]([
v

GS  has more vertices compared to 
1

)]([ vGS . 

Therefore, 𝑆 𝐺  
1v ≇ [𝑆 𝐺 ] '

1v
.                                  

Figure 6 shows the illustration of the above proposition.  

 
 

Figure 6 

Theorem 2.2:  Let G  be a graph and )(GCS  be its cosplitting graph. If v  is a full vertex of G, then vGCSG  )]([  . 

Proof:  Let G  be a graph and v  be a full vertex in G . Let )(GCS  be its cosplitting graph and v  be the newly added vertex 

in )(GCS  corresponding to v  in G . Since v  is a full vertex in G , by definition v  is a pendant vertex in )(GCS . Also, 

)()( vN GCS = }{)( vvNG
 . Now in )(GCS , )(2 vN  = }{\)()( vvN GCS

  = vvNG
\)( . Hence vGCS )]([  

}{\))(( vGCS  . Since )(GCSG  , we get vGCSG  )]([ .                                                             

  

Figure 7 shows the illustration of this theorem.  
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Figure 7 

Theorem 2.3: For any graph G, there exist n  graphs, 2n , nGGG ,...,, 21  such that G , iG ≇ jG  for ji   and 

1)()( KGGG vjvi   and >)(< vN  is independent in each iG .  

Proof: Let G be any graph. Construct a graph 
c

ii KGH = , .1 ni   It is obvious that H i ≇ H j , 𝑖 ≠ 𝑗, nji  ,1 . Now 

construct iG  from iH  such that }{)(=)( vHVGV ii 
.
 )(/{)(=)( uduvHEGE ii   = 1 in }iH . Since

 
H i ≇ H j , it 

can be easily verified that G i ≇ G j , forall ji  . It is easy to note that >)(< vN  is independent in each iG . And in iG , the 

neighbour of v  are all pendant vertices in iH . Since ,
c

ii KGH   no vertex of G  can be a pendant vertex in iH . So, the 

vertices of G  remain unaltered in viG )( . Now in viG )( , all pendant vertices of iH  are deleted and neighbours of all pendant 

vertices of iH  are made adjacent to v  in viG )( . Every vertex of G  is adjacent to a pendant vertex in iH . Therfore, 

1)( KGG vi  , forall ni 1 .                                                                                      

Figure 8 illustrates the above theorem, for the case n =2. 

 
Figure 8 

Note that the above constructed graph is not unique with this property. Next theorem shows another construction for n  non 

isomorphic graphs iG  such that viG )(    1KG , forall ni 1  and >)(< vN  is complete.  

Theorem 2.4: For any given graph G and any positive integer n , there exists n  graphs ,2n  nGGG ,...,, 21  such that iG ≇

jG , for all 𝑖 ≠ 𝑗 and nji  ,1  and 1)()( KGGG vjvi  , forall ni 1  and   )( iG      )( jG  ,  for all 

njiji  ,,1 .  

Proof: Let G  be any graph. Construct a graph niKGH ii  ,1=  with },...,,{ 21 iuuu  be the vertices of iK . It is 

obvious that H i ≇ H j , for every ji  , nji  ,1 . Now construct iG  from iH  such that }{)(=)( vHVGV ii  . 

}/1{)(=)( ijvuHEGE jii   where ni 1 . Since
 
H i ≇ H j , it can be easily verified that iG ≇ jG , for all .ji   

And in iG , iKvN >)(< . Since ii KGH = , no vertex of G  can be a pendant vertex in iH . So, vertices of G  remain 

unaltered in .)( viG  In fact, .=)( 1KGG vi   Now note that )( iG  = )(G  + i . Hence we get )( iG    )( jG , for 
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all njiji  ,,1 .                                                              

Figure 9 shows the illustration of this theorem. 

 
Figure 9 

Also, the theorem can be extended to a method of constructing n  non-isomorphic graphs which on contraction yield G  itself. 

Theorem 2.5: For any given graph G, and any positive integer n , there exist n graphs 2n
,
 nGGG ,...,, 21  such that iG ≇

jG , forall ji   and nji  ,1  and GGG vjvi  )()( .  

Proof:  Let G  be a connected graph. Then there exists a vertex u  in G  such that )(GEuv . Now, construct a multigraph 

iH  from G  by replacing uv  by i  multiedges, ni 1 . Now, construct a simple graph iG  from iH , such that 

},...,,{)(=)( 1)()(21  ivdii wwwHVGV  and  .)}(/{\)}(/,{)(=)( vNuvuvNuuwvwHEGE iiii  Also,

)(vN
i

G 1)}()(/1{  ivdjwj Hence in iG , )(2 vN  = )(vNG . Therefore, viG )(    G , for all ni 1 . Hence 

the proof. Figure 10 shows the illustration of this theorem. 

 
Figure 10 

Theorem 2.6: For any two given graphs G  and H , there exist n  non isomorphic graphs nGGG ,...,, 21  such that iG ≇ jG , 

forall ji   and nji  ,1  and

 
1)( KGG vi  , and >)(< vN  = iH , for any i , ni 1 , where .Zn   
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Proof: Let G  and H  be any graph. Construct a graph iH  = )(iHG  , ni 1 . It is obvious that H i ≇ H j , for every 

ji  , nji  ,1 . Now construct a graph iG  from iH  such that )( iGV  = }{)( vHV i   and )( iGE  = 

}/{)( HuuvHE i  . Since
 
H i ≇ H j , it can be easily verified that

 iG ≇ jG , forall ji  . It is easy to note that >)(< vN  

= iH , ni 1 . And no vertex of G is adjacent to v  in iG . So, the vertices of G  remain unaltered in viG )( . Now in viG )(

, the vertices of iH are deleted and the neighbours of iH are made adjacent to v  in viG )( . Every vertex of G  is adjacent to a 

copy of H . Therefore, 1)( KGG vi  .                    

Figure 11 illustrates the above theorem for the case n  = 2.  

 
Figure 11 
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