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Abstract:

Let G be a simple graph on the vertex set V(G). In a graph G, A set D cV(G) is a dominating set of G if every vertex in
V(G) - D is adjacent to some vertex in D. The bondage number of a graph G[Bd y(G)]is the cardinality of a smallest set of edges
whose removal results in a graph with domination number larger than that of G. A set D <V (G) is called a distance k dominating
set of G if every vertex in V(G) - D is with in distance k of at least one vertex in D, that is, for every vertex V(G) - D, there
exists a vertex u € D such that d(u, v) < k. In this paper we determine the domination number of Cartesian product graph in
distance two dominating set and also find the subdivision number for Cartesian product graph.
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1. Introduction:

The domination in graphs is one of the major areas in graph theory which attracts many researchers because it has the
potential to solve many real life problems involving design and analysis of communication network, social network as well as
defence surveillance. Many variants of domination models are available in the existing literature. The literature on domination and
related parameters has been surveyed and beautifully presented in the two books by Haynes, Hedetniemi and Slater [2, 3]. The
behaviour of several graph parameters in product graphs has become an interesting topic of research [4, 7]. The distance
domination in the context of spanning tree is discussed in Griggs and Hutchinson [1] while bounds on the distance two-
domination number and the classes of graphs attaining these bounds are reported in Sridharan et al. [6]. For more bibliographic
references on distance k-domination readers are advised to refer the survey by Henning [4]. Let G be a simple graph on the vertex
set V(G). In a graph G, A set D cV(G) is a dominating set of G if every vertex in V(G) - D is adjacent to some vertex in D. The
domination number of a graph G [y(G)] is the minimum size of a dominating set of vertices in G. The domination subdivision
number of a graph G [Sd y(G)] is the minimum number of edges that must be subdivided in order to increase the domination
number of a graph. The Cartesian product of G and H [G X H] is the graph with vertex set V(G) x V(H) specified by putting
(u,v) adjacent to (u’,v’) if and only if (i) u=u’ and vv' belongs to E(H), or (ii) v = v’ and uu’ belongs to E(G). The
neighbourhood of vertex u is denoted by N(u) = {v € V(G)/uv € E(G)} and the close neighbourhood of vertex u is denoted by
N[u] = N(w) U {u}. LetDcV(G), the neighbourhood and closed neighbourhood of D are defined as N(D) = U,,¢p N(u) and
N[D] = U,ep N[u]. The distance d(u, v) between two vertices u and v is the length of the shortest path between u and vin G.A
set D cV(G) is called a distance k dominating set of G if every vertex in V(G) - D is withindistance kof at least one vertex in D,
that is, for every vertex V(G) - D, there exists a vertex u € D such that d(u, v) < k.Thus a set D <V (G) is called a distance-2
dominating set if every vertex in V(G) - D iswithin distance-2 of at least one vertex in D. That is, N,(u) = {u € V(G) /
du,v<2. The closed 2- neighbourhood set /2 of u is defined as V2u=N2uUw. 1f D cVGanduele, then du, D=mindu,v ;veD.
The minimum cardinality of a distance-2 dominating set in G is called the distance-2 domination number and is denotedy, (G). A
distance-2 dominating set of cardinality y, (G) is called a y,-set.

Theorem 1.1[5]: (Ore's Theorem): In any graph G = (V,E) having no isolated vertices, the complement V\S of any minimal
dominating set S is a dominating set.
Theorem 1.2 [5]: A dominating set S is a minimal dominating set if and only if for each v € S one of the following two
conditions hold:

v' v isnot adjacent to any vertex in S, or

v' there is a vertexu & S such that N(u) N S = {v}.

Example [5]: v»(B,) = [%] where P, is the path on n vertices.

2. Distance 2- Domination Number:
In this paper, we establish the value of the distance-2 domination number of Cartesian product graph.

Observation 2.1: Forany P; x B, , we havey,(P; X B,) = E]

Proposition 2.2: For P, X P,, we have y, (P, X P;) = 2.
Proof:

Let G be a Cartesian product graph of P, and P,. To distance-2 domination, we need two vertices. Now the vertex
(uy, v,) dominates {(uy, v1), (uy, v3), (uy, vs), (uq, v1), (g, v5), (uq, v3)} vertices at a distance 1 or 2, while the vertex (uq, vg)
dominates {(u,, vs), (uy, vg), (uz, v7), (Uq,v4), (ug, vs), (g, v7)} vertices at a distance 1 or 2. Therefore, y,(P, X P;) = 2.
Theorem 2.3: For any n > 7, we have
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- for n=0 (mod?7)

Y< (P, XB) = IZ I%J +1 for n=1,234(mod7)

2 H +2 for n = 5,6 (mod 7)

Proof:
Let P, X B, be the Cartesian product graph and D,, the distance-2 dominating set of P, x B,. Now to describe our

distance-2 dominating set D = {(uz,v8i+2), (u1,v8j46) / i =0,1,2, ..., L"—OJ 5 J=0,1,2, 0 ) L"—4J}for n = 0 (mod 7), we
consider block B = P, X P;. If n = 0 (mod 7) then P, X P, can be partitioned with gnumber of blocks B. Now, all the vertices of

B can be distance-2 dominated by the vertices (uz, vgis2), (W, vgj16); i =0,1,2,.. L"—OJ 5 =0,1,2, 0 [1J

Moreover, since |D| = 27" Now, we consider the distance-2 dominating set D, = D. Hence y<,(P, X B,) = o

7
If n=1(mod 7) then P, X B, can be partitioned with BJ number of blocks B, plus a block B’~ P, X Pijand D N B' =
@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vgi;2), (ul,v8j+6); i=012,....., L"—OJ ;=

0,1,2,...... , L"—4J except the vertices of B'. Moreover, since |D| = 2 H to distance-2 dominate the vertices (uy, v,) and (u,, v,)
of B', we need one vertex among {(u,,v,), (uy,v,)}. Now, we consider the distance-2 dominating set D; = D U {(u,,v,)}.
Hence y (P, X P,) = 2 [3] +1.

If n = 2 (mod 7) then P, X P, can be partitioned with BJ number of blocks B, plus a block B’ =~ P, x P,and D N B' =
@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vgi;2), (ul,v8j+6); i=012,....., lf—OJ ;=

0,1,2,......... , L"—4J except the vertices of B’ . Moreover, since |D| =2 BJ , to distance-2 dominate the vertices
(U, V1), (Uz, Vy—1), (Ug, v,), (uy, v,) of B’, we need one vertex among {(uq, v,,—1), (Uy, V1), (ug, 1), (uy, v,)}. Now, we
consider the distance-2 dominating set D, = D U {(u,, v,)}. Hence y (P, X B,) = 2 H +1.

If n = 3 (mod 7) then P, x B, can be partitioned with Hnumber of blocks B, plus a block B’~ P, X Pzand D N B' =

@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vgi;2), (ul,v8j+6); i=012,....., L"—OJ ;=
0,1,2,......... , L"—4J except the wvertices of B’ . Moreover, since |D| =2 BJ , to distance-2 dominate the vertices
(g, Vy—2), (Uy, vy —2), (U, Uy 1), (U, Uy —1), (Ug, 1), (Ug, 1y,) of B we need one vertex among

{(ug, v—3), (Ug, vy —2), (Ug, V1), (Uz, Vp—1), (ug, 1), (U, v,)}. Now, we consider the distance-2 dominating set D3 = D U
{(uy,v,)}. Hence y (P, X P,) = 2 H + 1.

If n = 4 (mod 5) then P, x B, can be partitioned with H number of blocks B, plus a block B~ P, x Pb,and D N B' =
@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vg;i12), (ul,v8j+6); i=012,....., L"—OJ ;=

0,1,2,........ , L"—4J except the vertices of B’ . Moreover, since |D| =2 EJ , to distance-2 dominate the vertices
(wy, Vp—3), (U2, Vp_3), (U1, Vn_3), (Ug, Vn—2), (g, V1), (U2, Vo), (Ug, 1), (ug, v,) Of B, we need one vertex among
{(u1, v,-1), (uz, v,—1)}. Now, we consider the distance-2 dominating set D, = D U {(u,, v,_1)}. Hence y,(P, X B,) = 2 BJ +
1.

If n =5 (mod 7) then P, X B, can be partitioned with H number of blocks B, plus a block B~ P, X Psand D N B' =

@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vgi;2), (ul,v8j+6); i=012,....., L"—OJ ;J =
0,1,2,......... , L"—4J except the vertices of B'. Moreover, since |D| = 2 H to distance-2 dominate B’, we need two vertices. Now,
we consider the distance-2 dominating set Ds = D U {(u,, v,,_»), (uq, v,)}. Hencey (P, X B,) = 2 BJ + 2.

If n = 6 (mod 7) then P, X B, can be partitioned with H number of blocks B, plus a block B’ ~ P, X Pgand D N B' =
@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, vgi;2), (ul,v8j+6); i=012,....., Ln—OJ ;J =
0,1,2,........ , L"—4J except the vertices of B'. Moreover, since |D| = 2 H to distance-2 dominate B’, we need two vertices. Now,

we consider the distance-2 dominating set Ds = D U {(u,, v,_3), (uq,v,)}. Hence y (P, X B,) = 2 BJ + 2. This completes the
proof.
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Figure 1: P, x B,with distance-2 domination number n=0,6?
Theorem 2.4: For any n = 4, we have
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for if n =0 (mod 3)
EJ +1 forifn=1,2(mod3)

3
YQ(PB XPn) =

Proof:
Let P; X B, be the Cartesian product graph and D,, the distance-2 dominating set of P; x B,. Now to describe our

distance-2 dominating set D = {(uz,v3i+2); i=012 . ... , EJ — 1}for n = 0 (mod 3), we consider block B =~ P; X P;and
DnB = {(uZ! 172)}'
If n = 0 (mod 3) then P; X B, can be partitioned with;inumber of blocks B.Now, all the vertices of B can be distance-2

dominated by the vertices (u,,v3;42); i =0,1,2,.......... , EJ — 1. Moreover, since |D| = % Now, we consider the distance-2

dominating set D, = D.Hencey,(P; X B,) = %

If n = 1 (mod 3) then P; x P, can be partitioned with EJ number of blocks B, plus a block B'=~ P, x Pband D N B' =
@. Now, all the vertices of B can be distance-2 dominated by the vertices (u,, v3;42); i =0,1,2,...... EJ — 1 except the
vertices ofB’.Moreover, since |[D| = EJ to distance-2 dominate the vertices (uq, v,,) and (u,, v,) of B’,we need one vertex among
{(uy, v,), (uq,v,)}. Now, we consider the distance-2 dominating set D; = D U {(u,, v,)}. Hence y,(P; X B,) = EJ +1.

If n = 2 (mod ) then P; x B, can be partitioned with EJ number of blocks B, plus a block B’ = P, x P,and D N B' = .
Now, all the vertices of B can be distance-2 dominated by the vertices (u;,v3;,42); i =0,1,2, ... ... ..., EJ — 1 except the vertices

of B'. Moreover, since |D| = EJ to distance-2 dominate the vertices (uy, v,,—1), (Uy, v—1), (Uq, v,,), (uy, v,,) Of B’, we need one
vertex among {(uq, v,,—1), (Uz, 1), (ug, v), (U, v,)}.Now, we consider the distance-2 dominating set D; = D U {(uy, v,)}.
Hence y,(P; X B,) = EJ +1.

Figure 2: P; x P,with distance-2 domination number
Observation 2.5: For any n > 3, we have P, X P, = P, X P.

Theorem 2.6: Let By, = P; X B,andB'; =~ P, X P,. Forany > 3, we have
2

n
5 for n =0 (mod 3)

Yo(B X B) = EJZ +2 [g] — Yo (P)for n =1 (mod 3)

n? n
kl§J +2[ZJ+2_V52(~7’)]°01‘ n = 2 (mod 3)
0 for n=0,34(mod5)

Wherey,(P) = |B'z n B’c| ={ 1 for n=1,2(mod 5)

Proof:

Let D, be a distance-2 dominating set ofB, x B,. First five rows of B, x B, is considered as blockB = P; X P, for n =
0 (mod 3) .If n=0(mod3) then B,xPB, can be partitioned with g number ofblocks B .By Theorem

2

2.4,|Do| = %(g).Henceysz (B, xP) = %.Ifn = 1 (mod 3) then P, X P, can be partitioned with EJ number of blocks B, plus a
block B’y =~ P, x B, , plus a block B'c = P, x P, .By Theorem 2.4, we have |D;| = |Dy| + |B's| +|B'c| - |B'r NB' | =
n n n n ! ! _ n 2 n _ ayn -
lEJ lEJ + H + H —|B'rnB C|. Hence y, (B, X B,) = l?] +2 H — 1. If n = 2 (mod 3) then B, x B, can be partitioned with
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2| number of blocks B, plus a block B’y = P, x P,, plus a block B'; =~ P, x P,. By observation 2.5 and Theorem 2.4, we have
3

= 0+ 15+ 11180 = 5] () ]+ 1 #1108 e v = i 422+

2—-|B'RnB |

Figure 3: B, x B, with distance-2 domination number
3. Subdivision Number for Cartesian Product Graph:
Theorem 3.1: For P; X B,, we have Sdy(P; X B,) = 1.
Proof:

Let D be a distance-2 dominating set ofP; x P,.Since|D| = [%].Let (P, x B,)' be obtain from P; x P, by subdividing an
edge (uq,v)(uq, v2) and adding new vertex called x. Since the vertices (uq, v;), (uq,v,) are not belongs to D.To distance-2
dominate the vertex(u,, v,), we need one vertex among {x, (uq, v,), (uq,v;)}. Now, we consider the distance-2 dominating set
D' = D U {(uy,v1)}. Thus, we have|D’| = |D| + 1. So we obtain that the distance-2 domination number of (P, x B,)" is greater
than the distance-2 domination number of P; X B,. This completes the proof.

Theorem3.2: For P, X B, , we haveSdy, (P, X B,) = 1.
Proof:

Let D = {(uz,vgiﬂ), (w1, v8j46) 5 1 =10,1,2, ... ) L"—OJ =012, , L"—4]} be thedistance-2 dominating set for
n = 0 (mod 7), we consider block B = P, x P,. We prove this theorem in each following cases.

If n = 0 (mod 7) then P, X B, can be partitioned with % number of blocks B. Let (P, x B,)' be obtained from P, x P,
by subdividing an edge (u,, v3)(u,, v,) and adding new vertex called x.The vertex x can be dominated from the vertex(u,, v,) at
a distance 2.The vertices of D distance-2 dominate all of the vertices of (P, x B,)’ exactly once, except the vertex (u,, v,). To
distance-2 dominate this vertex we need one vertex among {x, (uq, v3), (U, v4), (Uq, v5), (U, v3), (Uy, v5), (uz, v6)}. Now, we
consider the distance-2 dominating set D' = D U {(uy, v4)}. By Theorem2.3, we have y, (P, X B,)' = y (P, X B,) + 1. Hence
we obtain that the distance-2 domination number of (P, x P,)" is greater than the distance-2 domination number of P, X P,.

If n = 1 (mod 7) then P, X B, can be partitioned with H number of blocks B, plus a block B’ = P, x P,. The vertices
of D distance-2 dominate all of the vertices of (P, x B,) exactly once, except the vertices (uq,v,), (uy, v,,). To distance-2
dominate these vertices we need one vertex(u,,v,). By Theorem 2.3, we have yo (P, X B,) =2 H +1. Let (P, xPB,) be
obtained from P, x B, by subdividing an edge (u,, v;)(u,, v4) and adding new vertex called x. The vertex x can be dominated
from the vertex in D at a distance 2. But the vertex (u,,v,) is not dominated by any vertex in D. We can rewrite D =

{(uz,v8i+3), (w1, vgj47) 5 i =0,1,2, ... L"—OJ J=0,1,2, e . L"—4J} and distance-2 dominating set of B is {(uy,v;)}.
Thus, the vertices x and (u,, v,) distance-2 dominated by the vertex(u,, v3)in D. But the vertex(u,, vs) is not dominated by any
vertex in D . To distance-2 dominate this vertex, we need one vertex

among {x, (uy, v,), (U, Vg), (Uz, v7), (uy, vs), (uy, v5), (ug, vg)}. Now, we consider the distance-2 dominating set D' = D U
{(uq,v1), (ug, vs5)}. By Theorem 2.3, we have yo (P, X B)' >y (P, X B,).

If n =2 (mod 7) then P, x B, can be partitioned with H number of blocks B, plus a block B’ = P, x P,. The vertices
of D distance-2 dominate all of the vertices of (P, X B,) exactly once, except the vertices (uq, v,,_1), (U, Vy—1), (Uy, v,), (Uy, V).
To distance-2 dominate these vertices we need one vertex(u,,v,). By Theorem 2.3, we have y (P, X B,) =2 BJ + 1. Let

(P, x B,)" be obtained from P, x P, by subdividing an edge (u,, v4)(u,, vs) and adding new vertex called x. All the vertices can
be dominated from the vertex in D at a distance 1 or 2. But the vertexx is not dominated by any vertex in D. We can rewrite

D= {(uz,v8i+4),(u1,v8j+8) ;i =0,1,2, e ) L"—OJ 5 =0,1,2, e ) L"—A‘J}and distance-2 dominating set of B'is {(uy, v;)}.

Thus, the vertexx distance-2 dominated by the vertex(u,, v,)in D. But the vertex(u,, v¢) is not dominated by any vertex in D. To
distance-2 dominate this vertex, we need one vertex among{x, (u, vs), (uy, v;), (uy, vg), (U, V), (uy, vg), (U1, v7)}. Now, we
consider the distance-2 dominating set D' = D U {(uq, v1), (u1, v)}. By Theorem 2.3, we have y (P, X B,)' >y (P, X B,).

If n =3 (mod 7) then P, x B, can be partitioned with BJ number of blocks B, plus a block B’ = P, x P;. The vertices

of D distance-2 dominate all of the vertices of (P, x B,) exactly once, except the vertices
(u1, Vn_3), (u2v 1]n—3)' (u1, 17n—2)v (uZ' 1]n—Z): (ulﬂ Un_1), (uZJ Un—l)ﬂ (ulr Un): (uZJ Un)'
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To distance-2 dominate these vertices we need one vertex(u,,v,). By Theorem 2.3, we have y,(P, X B,) = 2 BJ + 1. Let
(P, x B,)' be obtained from P, x B, by subdividing an edge (u,, v3) (u,, v,) and adding new vertex called x. The vertex x can be
dominated from the vertex in D at a distance 2. But the vertex(u,, v,) is not dominated by any vertex in D. We can rewrite
D= {(uz,v8i+5),(u1,v8}-+9) ;i=0,1,2, . .. ) Ln—ol 5i=0,1,2, 0 ) L"—4]}and distance-2 dominating set of B'is {(uy, v;)}.
Thus, the vertex x and (u,, v,) distance-2 dominated by the vertex(u,, vs)in D. But the vertex(u,, v3) is not dominated by any
vertex in D. To distance-2 dominate this vertex, we need one vertex among

{xv (qu 174), (qu U,Z)v (qu Ul)! (uli UZ): (uli U3): (uli U4)}'
Now, we consider the distance-2 dominating set D = D U {(uy, 1), (u,v3)}. By Theorem 2.3, we have y(P, X B) >

Y< (P, X B,).
If n =4 (mod 7) then P, X B, can be partitioned with H number of blocks B, plus a block B’ ~ P, x P,. The vertices
of D distance-2 dominate all of the vertices of (P, x P,) exactly once, except the vertices
(w1, vn—3), (U2, Vn—3), (W, Vn—2), (U2, Vn—2), (U1, V1), (U, Vi 1), (U, 1), (g, ).
To distance-2 dominate these vertices we need one vertex(u,, v,_;). By Theorem 2.3, we have yo(P, X B,) =2 BJ + 1. Let

(P, x B,)" be obtained from P, x P, by subdividing an edge (u,, v4)(u,, vs) and adding new vertex called x. All the vertices can
be dominated from the vertex in D at a distance 1 or 2. But the vertex x is not dominated by any vertex in D. We can rewrite

D= {(uz,v&%), (u1,V8j410) 5 1 =10,1,2, ... ) L"—OJ 5 =0,1,2 ) L"—4J}and distance-2 dominating set of B'is {(u;, v,)}.

Thus, the vertices x distance-2 dominated by the vertex(u,, v¢)in D. But the vertex(u,, v,) is not dominated by any vertex in D.
To distance-2 dominate this vertex, we need one vertex among{x, (u,, vs), (U, v3), (Uy, v2), (uy, v3), (uy, v4), (U1, v5)}. Now, we
consider the distance-2 dominating set D = D U {(uq, v), (uy, v4)}. By Theorem 2.3, we have y, (P, X B,)' > y< (P, X B).

If n =5 (mod 7) then P, X B, can be partitioned with BJ number of blocks B, plus a block B' ~ P, X Ps. Now, we
consider the distance-2 dominating set
D = {(utz, V-2, (113, Vi), (ur, Vegag) 5 0= 0,1,2, |5 =012 A=)
The vertices of D distance-2 dominate all of the vertices of (P, X B,) exactly once, except the vertex(uq,v,). To distance-2
dominate this vertex we need one vertex(uy, v,,). By Theorem 2.3, we have y (P, X B,) =2 BJ + 2. Let (P, x P,)" be obtained

from P, X B, by subdividing an edge (u,, v4)(u,, vs) and adding new vertex called x. All the vertices can be dominated from the
vertex in D at a distance 1 or 2. But the vertex x is not dominated by any vertex in D . We can rewrite

D= {(ul,vg), (uz, Vgis7), (Wi, vgj11) 5 i =0,1,2, e ) L"—OJ 5 =0,1,2 ) [1’1—4J}and distance-2 dominating set of B'is
{(u,,v,)}. Here also the vertexx is not dominated by any vertex in D. To distance-2 dominate this vertex, we need one vertex

among {(uy, v3), (Uy, 1), (Uy, Us), (up, vg), (uy, 1), (g, vs)}. Now, we consider the distance-2 dominating set D' = D U
{(uy, v1), (uq, v5)}. By Theorem 2.3, we have y, (P, X B,)' >y, (P, X B,).

If n=6(mod7)then P, X B, can be partitioned with H number of blocks B, plus a block B’ ~ P, x P,. Now, we
consider the distance-2 dominating set
D = {(utz, V-3, (113, Vi), (ur, V) 5 0= 0,1,2, || i=012. A=)
The vertices of D distance-2 dominate all of the vertices of (P, x B,) exactly once, except the vertex (u;,v,). To distance-2
dominate this vertex we need one vertex(uy, v,,). By Theorem 2.3, we have y, (P, X B,) = 2 BJ + 2. Let (P, x B,)" be obtained

from P, X B, by subdividing an edge (uy, v4)(uq, vs) and adding new vertex called x. The vertex x can be dominated from the
vertex in D at a distance 2. But the vertex (uq,v,) is not dominated by any vertex in D . We can rewrite
D= {(ul,v4),(u2,v8i+8), (u1,vgj412) 5 1=0,1,2, el ) Ln—ol J=0,1,2, . .. ) [%J}and distance-2 dominating set of B'is
{(uy, v1)}.Here (uq,v,) € D.but the vertex (uq,vg) is not dominated by any vertex in D. To distance-2 dominate this vertex, we
need one vertex among{(u,, vs), (uy, vg), (Uy, v7), (uq, vs), (U1, v7), (ug, vg)}. Now, we consider the distance-2 dominating set
D =D U {(uy,v1), (uy, vg)}. By Theorem 2.3, we have yo, (P, X B,)' > y (P, X B,). This completes the proof.
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Figure 4: P, x B,with distance-2 domination subdivision number Sdy<, (P, X B,) = 2
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Theorem 3.3: For P; x B, , we have

= p
Sdy4(P; X B,) = {i for if n =0 (mod 3)

forifn=1,2,(mod 3)
Proof:

Let D = {(uz,ngz); i=012,...... , BJ - 1} be the distance-2 dominating set for n = 0 (mod 3) .We consider
block B = P; x P;. We prove this theorem in each following cases.

If n = 0 (mod 3) then P; X B, can be partitioned with % number of blocks B. Let (P; x B,)' be obtained from P; x P,
by subdividing an edge (u4, v3)(u4, v4) and adding new vertex called x. All the vertices can be dominated from the vertex in D at
a distance 1 or 2. But the vertex x is not dominated by any vertex in D. To distance-2 dominate this vertex we need one vertex
among {(uq,v,), (ug,v3), (ug, vs), (Uq, vs), (U, v3), (uy,v4)}. Now, we consider the distance-2 dominating set D =D U
{(uy, v4)}. By Theorem 2.4, we have y,(P; X B,)" = y<(P; X B,) + 1. Hence we obtain that the distance-2 domination number
of (P; X P,)' is greater than the distance-2 domination number of P; x P,.

If n = 1 (mod 3) then P; X B, can be partitioned with EJ number of blocks B, plus a block B’ = P; x P,. The vertices
of D distance-2 dominate all of the vertices of (P; x B,) exactly once, except the vertices (uy,v,), (uy,v,,). To distance-2
dominate these vertices we need one vertex(u,,v,). By Theorem 2.4, we have yo(P; X B,) = EJ + 1. Let (P; xB,) be

obtained from P; x P, by subdividing an edge (u4, v3)(uy, v4) and adding new vertex called x. All the vertices can be dominated
from the vertex in D at a distance 1 or 2. But the vertex x is not dominated by any vertex in D. We can rewrite

D= {(uz,v3i+3); i=012..... , EJ - 1} and distance-2 dominating set of B'is {(uy, v;)}. Thus, the vertexx distance-2

dominated by the vertex(u,, v3)in D. By Theorem 2.4, we have y,(P; X B,)' = y(P; X B,). Let (P; X B,)" be obtained from
P; x B, by subdividing the edges (uq,v3)(uy,vs), (ug, v4)(uy, vs) and adding new vertices respectively called xand y. The
vertices x can be dominated from the vertex(u,, v5). The vertices of D distance-2 dominate all of the vertices of (P; x B,)"
exactly once, except the wvertex y . To distance-2 dominate this vertex we need one vertex among
{x, (uy, va), (uy,vs), (U, vg), (uz, vs), (up, vs)}. Now, we consider the distance-2 dominating set D" = D U {(uy, v;), (uy, v5)}.
Thus, we have y,(P; X B,)" =y (P; X B,) + 1. Hence we obtain that the distance-2 domination number of (P; X B,)"is
greater than the distance-2 domination number of P; X B,.

If n = 2 (mod 3) then P; x P, can be partitioned with EJ number of blocks B, plus a block B' ~ P; x P,. The

vertices of D distance-2 dominate all of the wvertices of (P; xB,) exactly once, except the vertices
(U1, V1), (Uz, V1), (Uq, v,), (Uy, 1,). To distance-2 dominate these vertices we need one vertex(u,, v,). By Theorem 2.4, we

have yo(P; X B,) = EJ + 1. Let (P; X P,)" be obtained from P; x P, by subdividing an edge (u, v¢)(u;, v7) and adding new
vertex called x. All the vertices can be dominated from the vertex in D at a distance 1 or 2. But the vertex x is not dominated by
any vertex in D. We can rewrite D = {(uz,v3i+4); i=012...... , EJ — 1}and distance-2 dominating set of B'is {(u,, v;)}.

Thus, the vertex x distance-2 dominated by the vertex(u,, v;)in D. By Theorem 2.4, we have yo,(P; X B,)' = y(P; X B,). Let
(P; X P,)"" be obtained from P; x P, by subdividing the edges (uq,vs)(uy, v7), (uq, vs)(uy, vg) and adding new vertices
respectively called xand y. The vertices x can be dominated from the vertex(u,, v;). The vertices of D distance-2 dominate all of
the vertices of (P; x B,)"" exactly once, except the vertex y. To distance-2 dominate this vertex we need one vertex among
{x, (uy, va), (uy,vs), (U, vg), (up, vs), (U, v5)}. Now, we consider the distance-2 dominating set D” = D U {(uy, v;), (U, 6)}.
Thus, we have y(P; X B,)" =y (P; X B,) + 1. Hence we obtain that the distance-2 domination number of (P; X B,)"is
greater than the distance-2 domination number of P; X B,.
|
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Figure 5: P; x B,with distance-2 domination subdivision number Sdy<,(P; X B,) = 2
Theorem 3.4: For B, X B, , we have

for if n=0,2 (mod 3)

1
Sd P, X P,) = .
= ) {2 forif n = 1(mod 3)

Proof:
Let D = {(u3i+2,v3i+2), (Uziv2,V3j42) 5 U # ) LJ =0,1,2, e ) EJ - 1} be thedistance-2 dominating set for
n = 0 (mod 3), we consider block B =~ P; X B,. We prove this theorem in each following cases.
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If n = 0 (mod 3) then B, x P,can be partitioned with g number of blocks B. Let (P, x P,)' be obtained from P, x P,

by subdividing an edge (u4, v3)(u4, v4) and adding new vertex called x. All the vertices can be dominated from the vertex in D at
a distance 1 or 2. But the vertex x is not dominated by any vertex in D. To distance-2 dominate this vertex we need one vertex
among {(uy,v,), (uy,v3), (ug, vs), (uy, vs), (uz, v3), (uz,v4)}. Now, we consider the distance-2 dominating set D' =D U
{(uy,v4)}. By Theorem 2.6, we have y, (B, X B,)' = y< (B, X B,) + 1. Hence we obtain that the distance-2 domination number
of (P, x B,)" is greater than the distance-2 domination number of P, X B,.

If n = 1 (mod 3) then B, X B, can be partitioned with EJ number of blocks B, plus a block B =~ P, x P,. Let (P, X

Pn’ be obtained from A2zx 2z by subdividing an edge #7,73u1,4 and adding new vertex called x. All the vertices can be
dominated from the vertex in D at a distance 1 or 2. But the vertex x is not dominated by any vertex in D. We can rewrite
D= {(u3i+3,v3i+2), (u3ir3,V3j42) 5 0 # 3 LJ =0,1,2, e EJ - 1} . Thus, the vertices x and (u;,vs) are distance-2
dominated by the vertices (uq,v3) and (us, vs)respectively. By Theorem 2.6, we have y (B, X B,) =y« (B, X B,). Let
(P, x P))" be obtained from P, x P, by subdividing the edges (uq,v3)(uy,vs), (uy,v5)(uy, vs) and adding new vertices
respectively called xand y. The vertices of D distance-2 dominate all of the vertices of (P, x P,)" exactly once, except the vertex
(uq,v5) . To distance-2 dominate this vertex we need one vertex among
{x,y, (w,v4), (ug,v), (Wq,v7), (Uz, vs), (Uy, Vs5), (Uz, v6)}. By Observation2.1 and Theorem 2.6, we have y (B, X B)" =
Y< (B, X B,) + 1. Hence we obtain that the distance-2 domination number of (B, x B,)"is greater than the distance-2 domination
number of B, X B,.

If n = 2 (mod 3) then B, X B, can be partitioned with EJ number of blocks B, plus a block B =~ P, x B,. Let (B, X

P’ be obtained from A2zx/Ar by subdividing an edge z1,r3u1,74 and adding new vertex called .= All the vertices can be
dominated from the vertex in D at a distance 1 or 2. But the vertex x is not dominated by any vertex in D. We can rewrite

D = {(u3i+4, V3is2) (u3i+4, v3]-+2) s i#Ej, L) =0,1,2, ... EJ - 1}. Thus, the vertexxis distance-2 dominated by the

vertiex(uy, v3). But the vertex (uq, v,) is not dominated by any vertex in D. By Theorems2.3 and 2.6, we have y (B, X B,)' >
Y< (B, X B,). This completes the proof.

Figure 6: P, x B, with distance-2 domination subdivision number Sdy, (P, X B,) = 2
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